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1. (d) When 0x , 3
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

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the slope of the tangent line to the curve at )3,0(  is 5
)10(

5
)0(

2



 fm . 

Since )3,0(  is the y-intercept, then 3b , and the equation of the tangent line is 

35  xbmxy . 
__________________________________________________________________________________________ 
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1. (e) Since we cannot take the square root of a negative number, the function )(xf  is only defined if 

02 2  x , i.e. 22 x  or 22  x .  So the domain of the function )(xf  is ]2,2[  .  The 
derivative of )(xf  is 
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At a critical point, 0)(  xf  so 0)1(222 22  xx .  Therefore 12 x  so 1x .  So there are two 

critical points ( 1x  and 1x ) and two endpoints ( 2x  and 2x ). 

At the critical point 1x , 1)1(  fy ;  at the critical point 1x , 1)1(  fy . 

At the endpoint 2x , 0)2(  fy ;  at the endpoint 2x , 0)2(  fy . 

Thus the absolute maximum of )(xf  occurs when 1x . 
__________________________________________________________________________________________ 

1. (f) Plug in 1x  to get 

51211)]1([1)1( 222  ff  

Differentiating both sides of the original equation with respect to x gives 
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So 26225222)]1([)1()1(2)1( 22  ffff . 
__________________________________________________________________________________________ 

1. (g) Notice that xxxf ln)( 2   is only defined for 0x .  Differentiate to get 

x

x

x
xxf

121
2)(

2 
 . 

)(xf  is increasing when 0)(  xf ; that is 012 2 x  (since 0x ).  So 12 2 x  or 2
12 x  or 2

1x .  

So )(xf  is increasing on the interval ),( 2
1  . 

__________________________________________________________________________________________ 
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1. (h) Let )(tA  be the value of the stamp collection (in millions of dollars).  Then rtPetA )(  where 10P  

and 12.0%12 r .  So tetA 12.010)(  .  When the value of the collection has tripled, 

16.9
12.0

3ln
3ln12.033010)( 12.012.0  tteetA tt . 

It will take approximately 9.16 years for the stamp collection to triple in value. 
__________________________________________________________________________________________ 
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Plugging in )2,1(),( yx  gives 
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so the slope of the tangent line is 

3
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6
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)2,1(
 ym . 

The equation of the tangent line is therefore 

)1(2 3
4  xy   or  3

10
3
4  xy . 

__________________________________________________________________________________________ 

1. (j) The answer is (A).  If )(xf   and )(xg  are both continuous and increasing, then their derivatives will 
ALWAYS be positive, i.e. 0)(  xf  and 0)(  xg  for all x.  Therefore 

0)()())()((
2

2

 xgxfxgxf
dx

d
  for all x, 

so gf   is concave up everywhere, and I is always true.  However II may not always be true (for 

example if 2)( xxf   and 2)( xxg  , then 0)()(  xgxf ).  Neither is III always true (for example if 
xexf )(  and xexg )( , then 1)()(  xgxf ). 

__________________________________________________________________________________________ 

1. (k) (D) need not necessarily be true.  All of the rest must be true ((A) is true because of the Extreme Value 
Theorem, (B) because of the definition of function, (C) because of the Intermediate Value Theorem, and 
(E) since g is continuous on ]1,0[ ).  The answer is (D). 

__________________________________________________________________________________________ 

1. (l) The answer is (B).  (Because if )(af   exists, then  f  is differentiable at a, so  f  is continuous at a, and 

hence )()(lim afxf
ax




.) 

__________________________________________________________________________________________ 
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1. (m) Let the two numbers be x and y.  Then 50xy  so 
x

y
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 .  The sum of the two numbers is then 

x
xyxS
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2

50
1

x
  or 502 x  and therefore 
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x
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100
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3
3  

x
xxf , this gives a minimum 

value for the sum.  So the two numbers are 2550 x  and 2550 y . 
__________________________________________________________________________________________ 

1. (n) 
2`3
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3
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1
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x
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The linear approximation is given by 

)8()8()8()()()()(  xffaxafafxf , 

or )8(2)8(
)8(3

1
8 12

1
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`3`3  xxx . 

Plugging in 5.7x  gives 
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47

24
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2
1

12
1

12
1`3 2)(2)85.7(25.7  . 

__________________________________________________________________________________________ 

2. (a) 0)(  xf  if the numerator is zero, i.e. 

06OR010)6()1(0)( 2222  xxxxxf  

6OR16OR1 22  xxxx  

)(xf   does not exist if the denominator is zero, i.e. 

)(xf   does not exist 3030)3( 222  xxx  

So 0)(  xf  if 1x  or 6x , and )(xf   does not exist if 3x . 
__________________________________________________________________________________________ 

2. (b) 0)(  xf  if the numerator is zero, i.e. 

9OR009OR020)9(20)( 222  xxxxxxxf  

Since 2x  cannot be 9 , 0)(  xf  only if 0x . 

)(xf   does not exist if the denominator is zero, i.e. 

)(xf   does not exist 3030)3( 232  xxx  



SOLUTIONS 

UBC Math 104/184 Exam (December 2011) 

5 

So 0)(  xf  if 0x , and )(xf   does not exist if 3x . 
__________________________________________________________________________________________ 

2. (c) The denominator of 
22

22

)3(

)6()1(
)(





x

xx
xf  is always positive so the sign of )(xf   is determined by the 

sign of its numerator.  The following table determines the intervals where )(xf   is positive or negative. 

Interval 12 x  62 x  22

22

)3(

)6()1(
)(





x

xx
xf Increasing or 

Decreasing 

6x  + + + incr 

16  x  + - - decr 

11  x  - - + incr 

61  x  + - - decr 

6x  + + + incr 

So )(xf  is increasing on the intervals )6,(  , )1,1(  and ),6(  , and decreasing on the intervals 

)1,6(   and )6,1( . 
__________________________________________________________________________________________ 

2. (d) Notice that the factor 92 x  is always positive.  The following table determines the intervals where 
)(xf   is positive or negative. 

Interval x2  32 )3( x  32

2

)3(

)9(2
)(





x

xx
xf  Concave Up 

or Down 

3x  - + - down 

03  x  - - + up 

30  x  + - - down 

3x  + + + up 

So )(xf  is concave up on the intervals )0,3( , and ),3(  , and concave down on the intervals 

)3,(   and )3,0( . 
__________________________________________________________________________________________ 
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2. (e) It will be easier to evaluate the function )(xf  if we rewrite it as 

1
3

)2(

3

3

3

2

3

32
)(

2

2

2

2

2

3

2

23



















x

xx

x

x

x

xx

x

xxx
xf . 

There are four critical values, 1x  and 6x . 

2

3
1

2
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)1( 



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2

1
1

2
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
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3

46
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4

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So there are four critical points, ),1( 2
3 , ),1( 2

1 , )61,6( 3
4  and )61,6( 3

4 .  A local minimum 

occurs when the function stops decreasing and starts increasing, which occurs at ),1( 2
1  and 

)61,6( 3
4 , while a local maximum occurs when the function stops increasing and starts decreasing, 

which occurs at )61,6( 3
4  and ),1( 2

3 . 

There is an inflection point at )1,0())0(,0( f . 

Local Minima:   ),1( 2
1 , )61,6( 3

4 .   Local Maxima:  )61,6( 3
4 , ),1( 2

3 . 

Inflection Point: )1,0( . 
__________________________________________________________________________________________ 

2. (f) The function 
3

32
)(

2

23


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
x

xxx
xf  is undefined at 3x .  There are vertical asymptotes at 

3x , since 
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

)(lim
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x
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

)(lim
)3(
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x

, 


)(lim
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x

, and 


)(lim
)3(

xf
x

. 

Also, since 1
3

1

3

3
1

3

1)3(
1

3

)2(
)(

22

2

2

2

2

2





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







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







xx

x
x

x

x
x

x

xx
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3
)1(1

3
1

3

1
1

222 






















x

x
x

x

x
x

x
x , 

then, 0
1

limlim
3

lim)]1()([lim
332 2 











x

x
xx

x

x
x

xxx xx

x
xxf , 

so 1 xy  is a slant asymptote. 

Vertical Asymptotes: 3x .  Slant Asymptote: 1 xy . 
__________________________________________________________________________________________ 
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2. (g) 

 
__________________________________________________________________________________________ 

3. Let x be the length of the square base of the box and h its height.  The volume is then 162  hxV  so that 

2

16

x
h  .  The cost of the base is $40 per square metre, and the cost of the top is $10 per square metre.  The 

total cost of the box is then 

2
2222 16

8050805010)20(440
x

xxxhxxxhxC   

x
x

1280
50 2  . 

So  
2

212 1280
1001280100)128050(

x
xxxxx

dx

d

dx

dC
  . 

At a critical point 0
dx

dC
 so 

2

1280
100

x
x  .  Therefore 

5

64

100

12803 x , so 
3 5

4
x . 

The height is then 
33

5
6432 5

5

5

4161616
 x

xx
h . 

Notice that 0
2560

1002560100
3

3
2

2

 

x
xx

dx

Cd
, so this gives a minimum cost. 

So the dimensions that minimize the cost are 
3 5

4
x  and 

3 5

5
h . 

__________________________________________________________________________________________ 

 y = f (x)

-1

1

2

3

4

5

5 4321-1-2 

 y

 x 
-3 -4 -5 

-2

-3

 y = x + 1 

 x = 3   x = 3  

h
x

x
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4. Let H represent the height of the water in the cylindrical tank, h the height of the cone of water in the conical 

tank and r its radius as shown in the diagram.  By similar triangles, we know that 

hr
h

r
5
4

5

4
  

The water originally filled the conical tank so the total volume of water is equal to 
the volume of the conical tank, i.e. 

 3
802

3
1 54 V . 

The volume of water in the two tanks must add up to the total volume of 3
3

80 m , so 

 3
802

5
4

3
1

3
8022

3
1 ]16)([4  HhhHhr  

or 3
803

75
16

3
802

25
16

3
1 1616)(  HhHhh . 

Multiplying by 16
75  gives 125753  Hh .Therefore 

0753)125()75( 23 
dt

dH

dt

dh
h

dt

d
Hh

dt

d
. 

Plugging in 3h , 5.0
dt

dh
 gives 

50

9

150

27

2

27
75075)5.0(33 2 

dt

dH

dt

dH

dt

dH
. 

The water level in the cylindrical tank is rising at a rate of min/m18.0
50

9
 . 

__________________________________________________________________________________________ 

5. (a) The tangent line passes through the points )0,8(),( qp  and )8,0(),( qp  so its slope is 

1
08

80

12

12 












pp

qq

p

q
m . 

So the value of the derivative at the point )6,2(),( qp  is 1
)6,2(


dp

dq
.  Therefore 

3

1
)1(

6

2
)2( 

dp

dq

q

p . 

__________________________________________________________________________________________ 

5. (b) Since the elasticity is between 0 and 1  ( 01   ), demand is inelastic, so revenue can be increased 
by raising the price from $2. 

__________________________________________________________________________________________ 

 

r

4 m

4 m

h

H

 5 m 

 5 m 
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5. (c) 15.0)05.0(3
3

1
05.0 











p

p

p

p

p

p

q

q  . 

Price must be lowered by approximately 15% to result in a 5% increase in demand. 
__________________________________________________________________________________________ 

5. (d) Revenue is maximized when the elasticity is equal to 1  ( 1 ).  Therefore 

p

q

dp

dq

dp

dq

q

p
 1 . 

Since 
dp

dq
 is the slope of the tangent line T to the demand curve at ),( qp  and 

p

q
 is the slope of the line 

L connecting the origin to the point ),( qp , these two lines must have opposite slopes and thus form 
equal angles with the p-axis.  So the triangle formed by the lines L, T and the p-axis must form an 
isosceles triangle. 

__________________________________________________________________________________________ 

6. (a) 
x

xf
1

)(   

The linear approximation is given by 

)1()1()1()()()()(  xffaxafafxf , 

or 1)1(10)1(1lnln 1
1  xxxx . 

Plugging in 9.0x  gives 

1.019.0)9.0ln(  . 
__________________________________________________________________________________________ 

6. (b) 
2

2 1
)(

x
xxf    

The number M is the maximum of the absolute value of the second derivative )(tf   for t between x and 
a, i.e., 

81.0

1

9.0

11
max

1
max)(max

2219.0219.0









 tt
tfM

ttatx
. 

(Since 2/1 t  increases as t gets smaller, its maximum value will occur when t is as small as possible, 
which in this case is when 9.0t ).  Therefore, 

0062.0)1.0()19.0()( 162
1

62.1
01.02

62.1
12

81.0
1

2
12

2  axE M . 

__________________________________________________________________________________________ 
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6. (c) Since 0
1

)(
2


x
xf , the graph of xxf ln)(   is concave down and so lies below its tangent line.  

Therefore the true value of )9.0ln(  is actually less than the tangent line approximation so 1.0)9.0ln(  .  

Since the error is less than 0062.0162
1  , 

1.0)9.0ln(0062.01.0   

so )9.0ln(  lies in the interval )1000.0,1062.0(  . 
__________________________________________________________________________________________ 

6. (d) The quadratic approximation is given by 
2

2
12

2
1 )1()1()1()1()1()()()()()()(  xfxffaxafaxafafxf  

or 2
2
12

2
12

1
1

2
1

1
1 )1()1()1()1(0)1()()1(1lnln 2  xxxxxxx . 

Plugging in 9.0x  gives 

105.0)01.0(1.0)1.0(1.0)19.0()19.0()9.0ln( 2
12

2
12

2
1  . 

__________________________________________________________________________________________ 

6. (e) The error bound for the linear approximation is 2
2
1 )11.0()(  tf  where 19.0  t , while the magnitude 

of the 2nd degree term of the quadratic approximation is 2
2
1 )11.0()1( f .  If 19.0  t , then 

)1(
1

11
)(

22
f

t
tf  , 

so we expect the error bound 2
2
1 )11.0()(  tf  to be greater than the magnitude of the 2nd degree term 

of the quadratic approximation 2
2
1 )11.0()1( f . 

__________________________________________________________________________________________ 

 
 




